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computational simulation that is to match experimental data. Inclu-
sion of the experimental normal velocity was shown to be vital for the
derivation of correct computational boundary conditions. Stream-
wise velocity profiles determined from pitot probe measurements
were found to be insufficient for this purpose; hence, techniques
capable of determining both streamwise and normal velocity must
be employed.
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Scaling of Incipient Separation
in Supersonic/Transonic
Speed Laminar Flows

George R. Inger*
Iowa State University, Ames, lowa 50010

Nomenclature

() = Chapman-Rubesin parameter, T/ thoo T

L = reference length (see Fig. 1)

M = Mach number

D = static pressure

Re; = Reynolds number = 78, pooUso L/ thoo

T = absolute static temperature

Us = freestream velocity at edge of incoming boundary
layer

u,v = velocity components in x, y directions, respectively

x,y = streamwise and normal coordinates, respectively

B = (M% —1)2

&* = displacement thickness variable

6 = flow deflection angle

u = coefficient of viscosity, = pv

p = density .

X = viscous interaction parameter, M> Re; *

) = viscosity temperature-dependence exponent
(u~T%)

Subscripts

ADIAB = adiabatic wall conditions

is. = incipient separation
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REF = based on reference temperature

w = wall surface conditions

Superscript

(@) = nondimensional variables from triple-deck theory
Introduction :

NTERACTIONS between oblique shock waves and boundary
layers must be understood to predict the performance of aero-
dynamic devices such as flaps, spoilers, and inlets. These involve
strong viscous/inviscid interaction flow with a large local adverse
pressure gradient that often provokes boundary-layer separation.
The prediction of the onset of such separation and the delineation of
the underlying scaling laws that govern it continue to be important in
aerodynamic studies of high speed aircraft and missiles, these vehi-
cles operate and are tested over a wide range of Mach and Reynolds
numbers. This paper re-examines the fundamental similitude rules
pertaining to the laminar (high-altitude) flight regime of supersonic
vehicles, with the goal of establishing a single unified scaling law
for both supersonic and moderately hypersonic Mach numbers.
We consider two-dimensional steady laminar flow of an ideal gas
that undergoes incipient separation in the strong interaction region
associated with either an impinging shock or a compression corner
(Fig. 1). This event is characterized by a critical value of the forcing
function (e.g., a deflection angle or nondimensional shock pressure
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Fig.1 Regions of local shock/boundary layer interaction.
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ratio) as a function of My, Re;, and the wall temperature ratio
T/ Tw apiag- Now, an oft-cited criterion for such separations in
high-speed flows is!

My, ~ By 1)

where the constant £ =~ 70-80 depends on T,. Although Eq. (1) is
only semi-empirical,? it has withstood the test of time in success-
fully correlating a substantial body of both experimental data®* and
numerical Navier-Stokes solutions.! The present work seeks a theo-
retical foundation for Eq. 1 and a twofold extension of it that applies
to transonic as well as supersonic Mach numbers and also captures
the nonadiabatic wall temperature effect on the constant £.

The method of approach is the so-called triple-deck theory in its
leading high-Reynolds-number approximation, recast into a form
suited to nonadiabatic flows by means of the reference temperature
concept. To fix ideas, we specifically treat compression corner inter-
actions (Fig. 1b); the companion impinging shock problem follows
similar lines.

Formulation of the Analysis

It is known that the disturbance flow physics within the short-
ranged viscous-inviscid interaction zone organizes itself into three
distinct “decks” when the Reynolds number is high’: an outer layer
external to the boundary layer consisting of potential disturbance
flow associated with the viscous displacement effect of the under-
lying decks, a middle layer within the incoming boundary-layer
thickness containing rotational inviscid disturbance flow dependent
on the boundary-layer profile, and a thin inner deck of viscous-
disturbance flow within the linear portion of this velocity profile
that is interactively coupled with the local pressure Peld. In terms

of the basic small perturbation parameter ¢ = Rezﬁ, these decks
have thicknesses of order 3L, e*L, and £° L, respectively, along a
streamwise interaction zone length of order &3 L. Taken in its leading
asymptotic approximation as ¢ — 0 (very high Reynolds number),
this triple-deck theory yields the following set of governing distur-
bance flow equations when the external Mach number ranges from

supersonic to moderately hypersonic>®:
v, v . d " .
du v
o Ty
o dp . [inner deck] (3)
u£+v5+pw i =Vw'a‘)7

with the no-slip condition u(x, yg) = v(x,yg) = 0 on the im-
permeable body surface yp = 6px at x > 0. Furthermore, the
inner-middle deck matching condition yields the relationship

T .
u(x,y = 00) = —=(y — yg — §") C)
HWwo

The variable §* here is an unknown displacement thickness that is
linked to the interactive pressure perturbation as shown later. The
wall shear 1,,, here will be evaluated at a suitably defined reference
condition. According to the leading asymptotic approximation, Eqs.
(2—4) are valid for all values of M, and Ty / T apiap including the
presence of wall heat transfer.

The foregoing quartet of equations must be supplemented by a fur-
ther relationship between the interactive pressure and displacement
thickness 6*, and it is here that the analysis becomes specialized to
the Mach number regime and streamwise scale adopted for study. In
the present work we are concerned exclusively with the local short-
scale events in the immediate vicinity of the compression corner
to the exclusion of any larger scale effects such as a blunt nose or
leading edge upstream on the body. For supersonic to moderately
hypersonic flow, we adopt the p, vs v,/u, relationship”?

P~ P

vt~ VPV ®

‘We now formulate this triple-deck model using the reference tem-
perature method. According to this method® the combined effects
of compressibility and heat transfer on the incoming boundary layer
can be accurately accounted for by evaluating its physical proper-
ties at a reference temperature Tygr that depends on y, M, and
Tw/ Tw.apiap. Adopting Eckerts result (which has been shown’ to
have a fundamental basis in compressible boundary-layer theory),
this is for air

Ti T,
—TRE = 0.50 4 0.039M2, + 0.50—* (6)

o0 e8]

We further take p ~ 7% with 0.50 < @ < 1. Then introduce the
nondimensional rescaled variables®

% =[x — L)/LD3 B /63 Chon(Trar/ To) 3 (T Taee)* ()

$ = (v/LIA3 B3 [ Clup (T / Too)E (T / Tagp)®™2 (8)

i = () Un) Bt JeCEA} (T, o)} ©

b = (0/Un)/£ B4 Clophd (Tu/ Too) (10)

B = [(p — poo)/ ool B} /6*Clag an
§= B/SZA%,B%C&EF (12)

N 3
§* = (8*/L)A3 B4 /65 Cl o (Trer/ Too) (T / Trep)“™2 (13)

where L = 0.332 and Crgr = prer oo/ TrEFI oo are the Blasius and
Chapman-Rubesin constants, respectively. One then finds that Egs.
(2-5) yield the following well-known universal equations:

p =1, [outer deck] 14
N d . e .
DD, = E(yB +5%) [middle deck] (15
gﬁ Y oi  dp 9% [inner deck] (16)
U— + 00— =

m TV TE T

Uix,y—> o00)=3— yz — 5* [middle-inner deck matching]

a7

subject to the boundary conditions # = & = 0 along § = 0 for
X <0and y = yp = 0pi forx > 0.

Incipient Separation Criteria
The analytical and numerical solution of Egs. (14-17) has been
studied extensively.>®? These studies show that the local wall shear
stress vanishes when the nondimensional pressure takes the univer-
sal value

Dis. £ 1.03 (18)

We note that since pressure is necessarily proportional to the wall
deflection angle, we can write 6; ;. = K, p;;. where K, = 1.52 (Ref.
8). The desired scaling law for M..6;;, may now be obtained by
reversing the transformation, Eq. (12), which yields

1
VML -1\ 1 2
Mybis. = Ks)"% [(—w_>cégpx:| (19)

My

In the hypersonic limit M2 >> 1, this passes over directly to the
form of Eq. (1), thereby establishing the latter within the framework
of triple-deck theory. Moreover, Eq. (19) extends Eq. (1) to lower
supersonic Mach numbers; this consists in multiplying the interac-
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Fig.2 Correlation of experimental data.

tion parameter x in Eq. (1) by the correction factor /M. A typical
successful correlation by Eq. (19) of experimental data over a wide
range of conditions is illustrated in Fig. 2. We note that this equation
further implies 6; ;. &~ [(M2 —1)/ ReL]4l i.e., aslowreductionof 6, .
with either increasing Re,, or decreasing M. As regards the wall
temperature effect, it is contained entirely in the parameter Crgr to
the present approximation (see the following text).

One may alternatively express the foregoing incipient separation
criterion in terms of pressure rise. Thus converting Eq. (18) back to
physical variables yields

1
Pis. — Px ~ l:( MOO )C% X}Z
Y Poo JMz—1)
1
~ M2 (Crep/ReL/ M2, — 1)* (20)

The latter relation is, in fact, a well-known scaling law for the free
interaction zone of both ramp- and impinging shock-generated lam-
inar separating flows at supersonic speeds.'®

Wall Temperature Effect
In the present leading asymptotic approximation, this effect is
contained within the parameter Cggr, evaluated from Eq. (6). To
develop the consequences of this in a more revealing engineering
form, we write

w1

w-1 =1

i Trer \ * T, 2\

Cogr=\| — =(05+05—+0.030M; 21
Too Teo

Since 1.2Tw apia/ Too = 1+ 0.2M§o for air, we can rewrite this as

=1

1 5 4
= (w=1)/2
Copr = [0.039(1 + ﬁ};)] ME

w—1
1.30
X (1 +

2.13T, \ *
-+ > 22)
Twavias/ T Tw.apiaB

In the hypersonic case where M(fo >> 1 and noting that (v — 1)/4
is small compared with unity, expansion of the last term of Eq. (22)

for highly cooled walls yields

w=1

1 w=l
Cigp = [0.466 + 0.5340](0.039M2)

7 (1 b CD) Tw
1— -1 23
X [ (0.88 + w) (TW,ADIAB )] =

involving the product of an adiabatic wall compressibility effect
factor proportional to ME™V? anda second factor in square brackets
that represents the relative effect of heat transfer.

The nonadiabatic wall effect predicted by Egs. (19) and (23)
can be compared with a data correlation given by Needham'! for
highly cooled hypersonic interactive separations; for the present
Trer model, his results can be shown to take the form

l1-—w+0.624 T
Oy = (i 1- - 24
! ( )ADIABI: ( 0624 + o ) (Tw, - 1)] 24)

Comparison shows that the leading asymptotic approximation for
® = 0.50 captures 60% of the observed total heat transfer effect
via its influence on Cgrgr from a nonlinear p(T') relationship (such
influence vanishes for the value w = 1 associated with Stewartsons’
“model fluid” approach'?). Furthermore it is seen that the correct
Mach number dependence of the interaction parameter for these
separation flows is not M2 but actually M2 for an adiabatic wall,
in agreement with an unpublished investigation by Cheng."*

Extention to M., > 1 Transonic Flow
Although perhaps of only academic interest, the foregoing theory
can be extended down to transonic (albeit supersonic) Mach num-
bers in the outer deck by an appropriate modification of its pres-
sure/streamline deflection relationship. Thus, if M., — 1 is positive
but small compared with unity, such purely wavelike disturbance
flow is governed by the nonlinear relationship*

[RUNY

P (ML—-1)

YPooMZL

RERES N

(25)

It is seen that when (M2, — 1) is sufficiently large, this passes over
to the usual linearized supersonic flow relationship between p and
V./Uo. As for the flow relationship governing the middle and inner
deck disturbance fields, in the leading ¢ — 0 approximation they
remain the same as those given in Egs. (2—4), including the wall
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boundary conditions. If we then introduce the same nondimensional
variable transformations as before, we again obtain Egs. (15-17)
of the “canonical” triple-deck formulation with only the pressure
relationship Eq. (14) generalized to

ﬁ:

Kr },_|h1-3@tbd

95 + S*)] (26)

1
where Ky = (M2 — 1) i /szx% Cier is a transonic viscous interac-
tion parameter. In the K7 > 1 limit, Eq. (26) reduces to Eq. (10)
for higher Mach number supersonic flow.

Now, numerical studies of this modified transonic triple-deck
problem have shown' that the value of p;; changes very little
over a wide range of K7 values: for Kr > 1, we may thus conti-
nue to use the incipient separation criterion Eq. (14). Then with
dé*/dx = K,6;., inversion of Eq. (22) followed by conversion
back to physical variables yields

200+ Ky)!

Mo 85 =~ Mop331—|1-1.03 1
- 3+ 1) B LO3(y +1)

@7

13
VML =T 12
x| ———xCger

My

This is the desired extension of Eq. (19) to include the transonic
regime. Although a bit complicated, it reveals the correct underlying
scaling behavior while passing over to the simpler form of Eq. (19)
for sufficiently small values of x. In this regard we note that Eq.
(27) is, in fact, a unified scaling law for the entire supersonic regime
from transonic to moderately hypersonic.
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Simple Method of Supersonic
Flow Visualization Using
Watertable

A. K. Pal* and B. Bose'
Jadavpur University, Calcutta 700032, India

Introduction

HE direct shadowgraph technique is a relatively easy and com-

mon means for studying hydrodynamic phenomena in the flow
of liquids. A number of visualization techniques for water flow cur-
rently exist, the use of which depend mainly on the desired test in-
formation, available facilities, and model flow speeds. An overview
of the available flow visualization methods has been discussed by
Werlé.! Another common way of visualizing the flow of liquids is
to introduce optical disturbances in the liquid and to detect them
by the Schlieren System? or the recently developed Sugar Schlieren
System.? Flow visualization for liquid flow may be conducted in vir-
tually any type of horizontal channel utilizing a smooth transparent
bed of shallow water over a glass sheet.

Quantitative assessments of the behaviors of a flow from the
recorded flow pattern obtained from conventional flow visualiza-
tion techniques have often posed great difficulty to researchers.
Yamamoto et al.** have developed an image processing technique
from the flow pattern obtained in a free-surface watertable us-
ing inclined grid Moiré topography. Recently, a relatively simple
and novel optical method for the quantitative evaluation of phys-
ical flow variables in a high-speed flow has been obtained from
the photographs of the flow pattern obtained in a watertable us-
ing the established theory of hydraulic analogy.® This optical tech-
nique for processing the image patterns obtained photographically
in a watertable seems to be new for the study of two-dimensional
flowfield quantitatively. The present photographic method for flow
visualization in a watertable has been demonstrated at supersonic
speeds and may also be extended to study different model configu-
rations.

Method and Procedure

The schematic arrangement of the experimental setup used to vi-
sualize the flowfield is illustrated in Fig. 1. Great care is necessary
during the experiment to rid the flowfield of surging, turbulence,
and angularity. A conventional 35-mm camera and black and white
film are used to record the flow pattern. The picture of the flow-
field obtained using this new technique as the flowfield moved past
a symmetric airfoil with a sharp leading edge at a Froude num-
ber (corresponds to the Mach number in a gas flow) greater than
unity is shown in Fig. 2. The flow is moving from top to bottom
about the model. The introduction of the alternate bright and dark
bands (marked as mechanical grating plate in Fig. 1) add much
greater contrast to the image of the flow pattern which, inciden-
tally, has a strong resemblance to the conventional interferogram.
It differs from the conventional interferogram, however, for the res-
olution of the flowfield depends on the width, spacing, as well as
the fineness of the parallel equidistant bands made on a transparent
sheet.

The method of visualization involves superimposing the shadows
of alternate bands on the flow placed in a plane at right angles to the
flow direction. The position of the light sources used to illuminate
the flowfield is important to get a better resolution of the image of
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